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el Summary. This paper consists of two parts. First, a characterization is
R
‘e obtained for a class of infinitely divisible point processes on
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» R x R;:(—w.w)x(o.w). Second, the result is applied to identify the weak limit
o

'::: of the point process N with points (j/n, u (f ))., j=0.41,%2,... where {Ej} is
NG
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:“4 a stationary sequence satisfying a certain mixed condition A, and (un} is a
T
] sequence of non-increasing functions on (0,®) such that
L2 lim P{ max §. ¢ un(T)} = e ', 0. This application extends a result of Mori

n= 1<{j<n
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N ) 1. Introduction.
o ._'.\_

';{ It is well known that point process methods can be applied effectively to

study certain types of problems in statistical extreme value theory. Consider
a strictly stationary sequence of random variables {E}} indexed by the set of

integers I=Z. One can define a number of interesting point processes in one

\;) dimension by recording the positions where "extreme values” occur. For

‘iéi example, an extremal process (cf. Dwass [4] and Lamperti [9]) typically is one
Nl

‘:&: that records the indices (properly normalized) at which record values of

N

B §1,§2;... occur, and an exceedance Point pr9cess considered by Leadbetter {11]
;Ei; consists of the set of points {j/n: §j>uﬂ' j:l....;n} where (un) is a suitable
'uis sequence of constants. For this type of processes, Poisson or compound Poisson
s

..‘ convergence results (ef. (7], [iF]) can of ten be derived under suitable mixing
;Egi conditions.

:CE, It is also useful to consider certain pbint processes in two dimensions in

( i this context. A number of authors studied the point process n consisting of

{1}2 the points (j/n.a;l(fj—bn)). jeI. where a >0, b are constants such that

- P{ max Eiganx + bn} converges weakly to some nondegenerate distribution
T 1<i<n

- function G(x). In this connection, Poisson convergence of n, was first

established by Pickands [17] for i.i.d. {Ej) (cf. also Resnick [18]). Adler [1]

Y

- studied the conditions under which the point process n performs as one

generated by an i.i.d. sequence when n becomes large, Mori [14] identified all

possible limit laws of n assuming that (fj) is a-mixing (also known as
e strong-mixing), and Weissman [21] considered the convergence of n, when the §j

] are independent but not identically distributed. Some authors also considered

this type of point processes using nonlinear normalizations; for example. both

. Hsing [5] and Leadbetter et al. [12] considered the point process with points
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$
:: (j/n.u;l(fj)), jel, where u. is such that éi: nP[§l > un(r)] = 7 for each 71>0.
.
;; Weak convergence results involving these point processes are of ten conveniently
' ’ termed "complete convergence” theorems (cf. [12]) since they usually provide
O
::& all the asymptotic distributions of the extreme order statistics with respect
3
1:3 to the relevant normalization procedures. Rootzén [19] derived complete
': convergence results for a special class of processes. Davis and Resnick [3]
:él demonstrated how information can be extracted from a complete convergence
’jz theorem and be used for the purpose of statistical inference in general.
Py We are especially interested in the characterization technique developed
<E§ by Mori [14]. It was shown there that if {Ej) is a-mixing, then the weak limit
E: of the point process n mentioned previously has a specific form which is
:. determined by a Poisson process and the "local” dependence structure of {§J,}.
?? (Unfortunately the significance of [14] is masked by the presence of several
Ji: crucial errors of a typographical nature.) The main purpose of the present
(#‘ paper is to show that this type of characterization extends to a substantially
;E; larger class of point processes (not necessarily related to extreme value
'%S theory) under reasonably simple and general conditions. In particular. the
: main theorem (Theorem 1) of Mori [14] will follow under conditions generalized
‘i; in two directions:
’{i; (a) a much weaker mixing condition,
f\ (b) using normalizations that are not required to be linear.
5; However, we attempt to present the salient features of the general theory in a
fii transparent way so that its potential for other application will be evident to
= the reader.
N 1
;i We proceed according to the following outline. In section 2 we review the
13 concepts of point process theory and some weak convergence results which are
- required. Section 3 gives the main characterization method (Theorem 3.6 and
.jf
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fi@ Corollary 3.7) and section 4 applies the results to give the improved version
;;* (Theorem 4.5) of Mori [14], Theorem 1.
:~ . Finally our debt to the work of Mori [14] will be obvious and is
:;; acknowledged here rather than by repeated reference.
i
};5 2. Some Useful Concepts from the Theory of Point Processes.
523 For clarity, we devote this section to a brief review of certain point
;az process concepts which are particularly relevant to our theory. The reader is
- referred to Kallenberg [8] and Matthes et al. [13] for details.
iﬁ; Let S be a locally compact second countable and Hausdorff topological
'{33 space. Write ¥ for the Borel o-field, and 3 the collection of all bounded
A

! (relatively compact) sets in ¥. Also denote by ¥ the class of nonnegative ¢
-?EE measurable funtions.
itz ] A point process n on (S.¥) is a random element in M {or, for clarity,
{ M(S)). the space of locally finite integer-valued measures on (S,¥) equipped
"
;E: with the vague topology and Borel o-field 4. For each fe¥, write nf for the
;:;; random variable fsfdn. If f=1B is the indicator function of a set B in ¥,
:) write n(B) or nB instead of nlB for convenience. The distribution of n is

i?? uniquely determined by its Laplace transform Ln(f)=Eexp(—nf). feF.
..-.:r
::: A point process n is infinitely divisible if for each n=1.2,..., there
e
il exist some independent and identically distributed point processes My n,
I-'<
liiﬁ such that n g nl+...+ - The following result is important.
o Theorem 2.1 (cf. [8]., Theorem 6.1). The relation
-~
s 2.1 -log L _(f) = 1-exp(-uf)]A
j{? defines a unique correspondence between the distributions of all infinitely
x'-l
o

divisible point processes n on (S.7#) and the class of measures A on M\{o} (o

f%? being the null measure) satisfying
e

o
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Iy (o) [ 1-exP(-1B) IA(du) < . Bed.
A is customarily referred to as the canonical measure of 1, and (2.1) the

canonical representation of Ln.

Using (2.1). many interesting properties of infinitely divisible point
processes can be conveniently derived. 1In particular, the following is of

special interest to us.

Lemma 2.2 Let n be an infinitely divisible point process on (S.¥) with
canonical measure A. Then

(i) P{n(E) = 0} = exp (-A{ueM\{o}: p(E)>0}). Ee¥ (cf. [13]. Lemma 2.2.5);

k
(ii) for any pairwise disjoint sets El""'Ek in ¥ with P(En(Ei) { =} >0,
1
n(El).....n(Ek) are mutually independent if and only if

A{ueM\{o}lu(Ei) > 0, u(EJ) > 0} = 0 for all i,j satisfying 1 ¢ i < j

< k (cf. [8], Lemma 7.3 and [13], Proposition 2.2.12).

A sequence of point processes {nn} is said to converge in distribution to
. . -1 -1
some point process n if P o N, converges weakly to P o n in the usual sense

{(2]) where, here and hereafter, " denotes the composition operation of

functions. The following criterion is convenient.

Theorem 2.3 (cf. [8]. Theorem 4.2 and Lemma 4.4). Let N0 Mg be point
processes on (S,7). Then n, converges in distribution tc n if and only if

(f) » Ln(f). as n =+ o, for all bounded measurable functions f in % with
n

bounded supports and such that n{seS: f is discontinuous at s} = O with

probability one.
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i;: 3. A Characterization Result for Point Processes on R x R’ .
:%ﬁ We now restrict our attention to point processes n on R x R; = (@, @} x
" (0,®). R x R; is assumed to be equipped with the usual topology and o-field.
:f Write (M,d) for the space of integer-valued locally finite measures on R x R;
as described in Section 2.
: 3 _ First, define two types of transformation which play important roles in
‘;3 this paper. For each TeR, aem;, let g, and ha be mappings on R x R; to R x R;
* defined by
g.(x.y) = (x#7.y). h_(x.y) = (x/0.0y), (x.y) e R xR_.
:;2 Also, instead of creating different notation, g and h denote the corresponding
%ﬁé set mappings.
‘): For convenience, a point process 7 is said to satisfy (Al), (A2), (A3), or
e;i (A4) if n satisfies the respective restrictions described as follows.
(1;: (A1) n o g. =1 for each 7 e R.
(A2) n o ha d n for each o e R,.

(A3) P{n([0.1)x(0.,e)) > 0} » 0 as e - 0, (or equivalently,

. P{n([0.1)x(0.,e)) < =} =1, &>0).

v? (A4) For any choice Il,....Ik of disjoint intervals of the form [a,b) in R, and
gi? any choice Jl.....Jm of intervals of the form [c.d) in R,. the m-dimensional
}ji _ random vectors (n(Iile)....,(Iime)). i=1,2,....,k, are mutually independent,
g;: where k,m are arbitrary positive integers

v
fﬁi The conditions (Al) - (A4) are quite stringent. As we shall soon see, a
i;: point process which satisfies all four of these conditions must be a member of
;;, a very restricted class. We commence with a simple, yet quite useful lemma.
;t; Lemma 3.1 If a point process n satisfies (Al) and (A2), then n({x}xm;) =0
Cf; a.s. and (R x {y}) =0 a.s. for each x e R, y ¢ R;.
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Proof. Let b > a > O be arbitrary. If P{n{{x}x[a.b)) > O} > O for some x in
R, then P{n({x}x[a.b)) > O} > O for all x in R by (Al). This contradicts the
requirement that the set {x € R: P{n({x}x[a,b)) > 0} > O} must be countable
(cf. [13]. 1.1.5). Hence for each x ¢ R,
P{n({x}xR,) > O} = lim P{n({x}x[a.b)) > O} = O.

a-0
b0

The other half can be shown similarly. 0O

Theorem 3.2 A point process 71 satisfying (Al) and (A4) is infinitely

divisible.
k
Proof. It suffices to show that 2 n(Em) is infinitely divisible for each
m=1
choice of positive integer k and sets El""'Ek of the form [a.b)x[c.d) in R x
k s ti
R, (cf. [8]. Lemma 6.3). Note that 3 n(E_) can be writtenas X 3 n(Ei.)
m=1 m i=1 j=1 J
with Eij = [ai'bi) x [cij'dij)' i=1,...,s, j=1,.... . where the [ai'bi) are
disjoint intervals. Further for each i,j, and each positive integer n.n(Eij)
n ° ° (bi—ai)(e—l) (bi~ai)8
can be written as 2 n(E;.) with E. = [a, + ,a, + —) x
2=1 1] 1] 1 n i n
k n S t, ¢
[ci"di')' Hence for each positive integer n, 2 n(Em) = Z 3 3 n(Ei.)
I m=1 e=1 i=1 j=1 3
Sk e
where, by (Al) and (A4), X 3 n(Ei.). ¢ =1,2,....,n, are independent and
i=1 j=1 M
identically distributed random variables. The result follows. 8]

Lemma 3.3 Suppose n satisfies the conditions (Al) - (A4). Then for each y >
0. P{n([0.1)x{(0,y)) = O} > O, and hence, by Lemma 2.2, A{¢ ¢ M\{o}:

¢([0.1)x(0.y)) > 0} < = where A is the canonical measure of 7.

Proof. Let y > O be arbitrary but fixed. By (A3), there exists a positive

integer k such that P{n([0.1)x{0.y/k}) = 0} > 0. Note that the random




7
- variables n([i-1,i)x(0,y/k)). i = 1.....k, are independent by (A3), (A4). and
are identically distributed by (Al}. These together with (A2) imply that

P{n([0.1)x(0.y)) = 0} = P{n([0.k)x(0.y/k)) = O}

e

Z:: = P{n([i-1.1)x(0,y/k)) =0, i = 1,....k}

'\"

- = PX(n([0.1)x(0.y/k)) = 0} > 0. @

‘* Write Ml for the collection of integer-valued locally finite measures Yy on

Ol

s

- [1,2) such that ¢{1} > 1, and Al its usual o-field. Denote by €, Z€ [1,=},

3 and é(x.y)' (x,y) e R x R;. the Dirac measures on [1,9) and R x R;,
respectively. Write (R x R;) x Ml for the product space of R x R; and Ml' and

:§ introduce a mapping Q on (R x R;) x Ml into M\{o} by

: (3.1) 2 ((x.y).¥) = zaia(x'yzi)

™ where (x.y) € R x R; and ¢ = Zaiez 3 Ml' 2 is obviously one-to-one and

<o i

measurable. Further, since (R x m;) x Ml and M\{o} are both Polish (cf. [13],
15.7.7), Kuratowski's Theorem (cf. [16]) implies that Q maps measurable sets to

measurable sets. Write A for the range of 1.

5 Lemma 3.4 Suppose n is a point process satisfying the conditions (Al), (A3),

and (A4). Then n is infinitely divisible, and the canonical measure A

. c
concentrates on A, i.e. A(A7) = 0.

Ut
v e
a

."

Proof. Since A is a measure on M\{o}, it is understood that all set operations

#

are performed on this space. It is easily seen that A = A N B where A is the

alels)

event {¢ ¢ M\{o}: ¢({x}xm;) = O for all but one x in R}, and B the event {¢ €

AN

M\{o}: ¢(Rx(0.e)) = O for some ¢ > 0}. Since AS = AU (AﬂBc). it suffices to
o show that A(A®) = A(ANBS) = 0. Write A = (¢ € M\{o}: ¢([—. XLyx(0.m)) = 0
mn oh’  on

for all but possibly one k in I} where I is the set of integers. Observe that

[+ ]

Amn is monotonically non-increasing in m for each fixed n, N Amn is also
m=1

.I."<
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.':\w; monotonically ron-increasing inn, a.’ A =N NA . Thus

'\-:._‘-:‘ =1 m=1

N
R ©

. AAS) =A(U U AS) = lim lim A(A:m)

:Cs.‘: n=1 m=1 n—x° Mo

e

.::-.: (3.2)

Y : .

S ¢ lim lim 3 A{¢ e M\{o}: o([=. ZLyx(0.m)) > 0,

! n—=0 m j#j 2 2

:u...- . .+1

o([-L, LH)x(0.m)) > 0}.
p 2 2
:"'-J' s . i i
- The conditions (A3), (A4) imply that n([— 1:L1)x(0.m)) and n([-L, £2)x(0.m))

n' .n n n
2" 2 2 2

_\';'_-f are independent if i#j, and therefore the right hand side of (3.2) equals zero
:::': © ©

N by Lemma 2.2. Similarly, since ANBSC U U {¢ e M\{0}:
- m=1 n=1
X ¢([—m,m)><(0,rl—1)) > 0}, it follows from (Al). (A3), (A4). Lemma 2.2, and Lemma
T

e 3.3 that

- A(A N BS) ¢ lim lim A{¢ € M\{o}: ¢([-m.m)x(0.1)) > 0}
ia, O M0 o n

- = — lim lim log P{n([—m.m)x(O,rl-l-)) = 0}

T m=® N

L = - lim Lim log P2™{(n([0.1)x(0.1)) = 0} = O,

S Mo o n
3' concluding the theorem. o

e

:-:.'_- Lemma 3.5 A measure v on R x IR; satisfying v o g. = o hU = v for each (7,0)
\’:"

~e e R x [R+' is a constant multiple of Lebesgue measure.
ol Proof. It suffices to show that v([a.b) x [c.d)) = (b-a)(d-c)v([0.1)x(0.1)),
-:‘{\

‘;\ [a.b)x[c.,d) C R x lR;. Using v © g . =v. Te R, it is easily seen that

.':.
S0 m

k-1 k. .

3 v([0.1)x{(0.,1)) = 2 U([T' =) x {0.1))
o k=1
o = mv([0.1/m) x (0.1))
:-::::: for each m21. Thus
et »([0.2)%(0,1)) = ~v([0.1)x(0.1))
N
MO

s
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for each m,n >1. By this and the assumption we have for any [a.b)x[c.d) C R x
R' that
v([a.b)x[c.d)) = v([0.(b-a)d)x(0.1)) - v([0.(b-a)c)x(0.1))

= lim v([0.2)x(0,1))- lim v([0.2)x(0.1))
n/m{b-a)d m n/m(b-a)c m
n,m>1 n.mpl

= ((b-a)d-(b-a)c) v([0.1)x(0.1))
= (b-a)(d-c)v([0.1)x(0.,1)). a
We now combine our somewhat disconnected discussion to give the following

characterization.

Theorem 3.6 A point process n on R x R satisfies (Al) - (A4) if and only if
it is infinitely divisible, and there exists a probability measure Q on (Ml.ﬂl)
such that the canonical measure A on n satisfies A = 8 (me)c'Q_1 where 1 is

defined by (3.1), 8 = -log P{n([0.1)x(0,1}) = 0} < @, and m x Q is the product

measure of Lebesgue measure m on R x R; and Q.

Proof. We first prove the "only if"” part. Suppose 7m satisfies (Al) - (A4).
It follows from Lemma 3.3 that 6 is finite. If 8 = O, then the result is
trivially true. Assume henceforth that 6>0. For each set E in Al. define a
set function vp on #, the Borel o-field of R x R;. by
vE(B) = A o (}(BxE)}), B e ¥.

Pp is a measure since A is a measure and {1 is one-to-one and bi-measurable.
For each 7 ¢ R, write GT for the transformation

GT5 ¢-dog . M\{o} -» M\{o}.
It is evident that A o CT = A since the former is the canonical measure of the

point process n o g . and n © g, g n by (Al). Also it is straightforward to

verify that Q(gT(x.y).w)

GT o O((x.y).¥). T e R, (x.y) e R x R,. ve Ml'

Hence for each B e ¥,
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g © gT(B) =A O Q(gT(B)xE) = Ao CT o (}{BxE)
= A o )(BxE) = UE(B).
£ 8. = for each v in R. One could similarly show that by

©h_ = e for each o e m; using (A2). With these, it follows from Lemma 3.5

a

itis shows that u

that e is a constant multiple of Lebesgue measure m; i.e.

(3.13) A o ((BxE) = UE(B) = 6m(B)Q(E). BeY,

for some constant Q(E) in [0,®]. It is clear that Q(f) = 0. and that if {E.}
is a countable collection of disjoint sets in ﬂl. then

Q(UE;) = AoR(BXUE, )/(6m(B))

Ao Q(Bin)/(Gm(B))

EQ(Ei)
where Be/ is any set for which O<m(B) < ®. Thus Q is a measure. The fact that
0 maps the set ([O,l)x(O.l))xM1 to {¢ € A ¢([0.1)x(0,1)) > 0}, and that

A(AS) = O imply that

QM) = Aen(([0.1)x(0,1))xM,)/(6m([0.1)x(0.1)))

A e A:¢([0,1)x(0,1)) > 0}/8

-log P{n([0.1)x(0,1))=0}/6=1,
showing that Q is a probability measure. The conclusion of the "only if" part
follows since (3.3) holds for each E in ﬂl and B in ¥.

Having shown the "only if"” part, the proof for the "if" part should be
straightforward and hence we only provide a sketch. Suppose n is infinitely

divisible and has the structure described in the theorem. Then (A1) and (A2)

hold by virtue of the identities

L f) = L (fo = L (f).
nog () = Ly(fo_ ) = L (D)
Lnoha(f) = Ln(thl/a) = Ln(f)
which follow readily from (2.1). Lemma 2.2(i) implies that
P(n([0.1)x(0.€))>0} = 1-e €. >0,

which, in turn, implies (A3), while (A4) follows easily from Lemma 2.2(ii). O
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The following corollary states the relationship between the Poisson

process and the class of point processes satisfying (Al) - (A4).

Corollary 3.7 A point process 1 on R x R; is infinitely divisible and has the

canonical measure >\=6(m><Q)DQ_l if and only if n admits the representation

o K.

s s's , where the (S,.T.) are the points of a homogeneous Poisson
. . (S..T.Y. ) it

i=1 j=1 i1
process ({ with mean 8, and, for each i, Yij' 1gngi. are the points of a point

process v on [1,®) distributed according to Q, and (.71.72,... are mutually

independent.

Proof. Suppose f is a nonnegative measurable function on R x R; with a bounded
o K.

support E, and let w be the point process 32 st é(S T.Y. )’ Conditional on
i=1 j=1 it iij

w(E) = k, where k is any nonnegative integer, the points of { in E are

independently and uniformly distributed over E. Thus

L, (F)

¢‘Ie1-<p(—/[R x R’ fdw)
+

3 P{w(E)=k}&{exp(-3 3 f(Si.TiYij)Iw(E)=k}
k=0 ij

-3 & n(E) iﬁmﬁgllﬁ ) o 0Ty axay) Q(av))
k=0 : M, E m(E)

~Jo_F(x.yz)¥(dz)
= exp{-8J J(l-e Jm(dxdy)Q(dy)}.
M E

1
The set E in the last expression may now be replaced by R x R; {(without
affecting the Laplace transform), and the expression, after a

change-of~-variable (via the transformation ), equals

exp{-f (l-exp(-¢f)A(d¢)},
M\{O}

which is just Ln(f). This completes the proof. o
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It is obvious from Corollary 3.7 that if each vy (in the representation of

n) is degenerate and has only one point which is 1. n is then just a

homogeneous Poisson process on R x R;.

4. Point Process Associated with Extreme Observations.

Consider a strictly stationary sequence (fj} indexed by the set of

integers I = Z. For eachn 2 1, let Mgl) 2 M£2) 2 ... 2 Mﬁn) be the order
statistics of fl""'fn' and write, for convenience, Mn for Mgl).
Throughout this section we assume the existence of a sequence {un)n>1 of

functions on R; = (0,®) with the following properties:
(B1) For each n, u is nonincreasing, left continuous, and such that

iiﬁop(un(Tz)(E1<un(Tl)}:1.

T 2-‘”

(B2) For each v > 0, lim P{Mn < un(T)) =e .

n-x°

Define ugl(f) = sup{7>0: € ¢ un(T)}. It is easily seen that u;1(§)<7 if and
only if §>un(1). The point process of interest in this section is Nn which is
a point process on R x R; with points (j/n.u;I(fj)). jel. Many random

quantities connected with the extremes of {Ej} can be studied through Nn since

(4.1) N,((0.x]x(0,7)) ¢ k-1  if and only if
MI(::;)(] < un('r), 7.x>0, 1 < k ¢ [nx].

We shall show in the following that the distributional limit of Nn
satisfies the conditions (Al) - (A4) stated in section 3 provided that (fj)

satisfies a certain mixing condition A which we now introduce. Let k and n be

positive integers. For each choice of Tyeee Ty >0, and 1 ¢ & { n-1, write
a(n.&:7,.....71) = max{ |P(ANB) ~ P(A)P(B)]|: AT .
Begs+£.n , 1 (s <{n-2¢8)}

where Fij is the o-field generated by the events (§s < un(Tm)). i¢s<j. 1<m¢k.

P




The condition A is said to hold for (§j} and the sequence (un) if for each
choice of k. and 7,,..., T a(n, [An]: Tl.....Tk) -+ 0 as n > for each A ¢
(0.1}, where [x] denotes the integer part of x.

The condition A is obviously weaker than the a-mixing condition, and in
practice A can be verified more easily than a-mixing. On the other hand. the
condition A is potentially stronger than some distributional type mixing
conditions (cf. [10]., [15]) that are useful in the context of proving extremal
types theorems. We use the condition A in this paper since it appears to be
most convenient for our purpose. The way in which A can be modified or further

weakened should become evident.

Lemma 4.1 Assume that the condition A holds for (Ej) and (un). Then for each

0<eo<land T > 0,

~-oT

(4.2) lim P{M <u (T)) = e

(on]

where, here and hereafter, [y] denotes the integer part of y. It can be

derived from this that for 7>0 and al>a >0, [n/ ](T) > u (o 7) for all large

Proof. (4.2) follows readily from some well-known results (cf. [10]. [15]).

For o, > o, 2 1,

. -7
rl]:: P(M[“/C’l] < un(alr)} = e , and
(1.3) rllj:: P(M[n/ol]gu[n/ ](7)) = rllipr: P(M <Cu . (r)}
[—{—]] [5;]
-o2T/o1
=lim P(M _ Cu (1)) =e >e .

AR
1

where the first and second equality of the second equation follow,

respectively, from the facts
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N J i 0.0 n
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g and {[n/02)2 n2l} = {n2l}. (4.3) implies that u[n/a2](T) > un(alT) for large
-"'».\

{}ﬂ n. This conclusion holds similarly for other choices of o, and Ty such that
D

e 020,50, O

i; Lemma 4.2 Assume that the condition A holds for (fj} and (un). Let k.m be

;> positive integers, sij' 1 ¢i <k, 1 <j<m be nonnegative integers, and

’ Xi,TJ. 1 ¢i <<k, 1< j<m be nonnegative reals. If either

.{;: P{Nn([O.axi) x (O,Tj)) < sij' 1 <¢i <k, 1¢j<m}

,.:__

.:‘s_. or

o PIN([0.x;) x (0.07)) €550 1¢1 <k 1< <m)

o converges for each o in some interval (ae. au). where ae>l. then both

itf probabilities converge and have the same limit for each o e (ae. au).

Proof. We shall only prove the lemma for the case k=m=1, since the general
situation is similarly proved. Also. for clarity of presentation, the

. arguments in this proof are phrased in terms of the order statistics (cf.

. (4.1)). In other words, we shall show that the convergence of either P(Més) <
N (s) . -

::?, un(aT)} or P{M[an] < un(r)} for each o ¢ (oe.ou) implies the convergence of the
:jj other to the same limit for each o e (ae.ou). where s is an arbitrary positive
o 2

. integer. First assume that P{Mgs) < un(aT)) converges for each o in (ag.au).
iii For 0 and 0" with o, < o <o’ (o,

5;? limsup P M(S? < u (t)} = limsup P M(S? vay S U NG,

o n—mp ([an]“ n( )} n—-mp ([a[n/o]]‘ [n/o]( )}

A (4.4)

- 13 (s) (s)

::1, = l;ﬁ;up P(Mn < u[n/a.](r)) < ii: P{Mn < un(aT)),

e Here the first equality follows from the identity {n: n > 1} = {[n/o']: n 2 1},

- the second equality holds since O { n - [0'[n/0']] ¢ ¢’ and P(M[a.] >
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u[nlo.](r)}ﬁo. and the inequality follows from Lemma 4.1. Similarly. for o and

- o' witho, o'’ <o <o,
o e u
- - L. (s) . (s)
(4.3) l;z;nf P(M[a..n](k) < un(T)} 2 i:: P(Mn < un(aT)).
:: By (4.4) and (4.5). for o and o, 1 ¢i <4, with T, < Iy < 0o <ol oy < o4 <
- o .
- u
! ; (s) . (s) . (s)
o limsup P{M Cul(T < lim P{M o,T < lim P{M > u (or
: imsup PNy € (7)) € Lim PONE) ¢ o (037 n.m{“ (7))
w'. . . (5) 1 (S)
. < i:: P(Mn < un(azr), < 11:1nf P{M[U n] u (T))
But
N liminf P{Méz)n] < Un(T)) limsup P{Méz) ] < un(T))
?. n-w 1 n-=®
8 ¢ timsup (PM{S) cu(m)) - el Ccu ()
- n—«o [aln] n [0 n]
. (04—01)7
i: < ixm P{M[(c - )n] > un(T)) =1-e
:j whick tends to zero if o4 -0y = 0. This shows that lim P{Mﬁs) < un(-T)) is
> n-x°
{‘ continuous at o. Since for 0,04, and ) with o, < o (o« o, < o,
N i (s) i (s) - (s)
- Lim P{M_"" < un(alT)} < liminf P(M[an] < un(T)) < limsup P{M[an] < u (1)}
- n—xe n-—*o n—o
- . (s)
. 4 ;:: P(Mn < un(o2f))
" by (4.4) and (4.5), it is easily seen that P{MES)] < u (T)} coriverges and has
the same limit as does P{Mﬁs) < un(cT)}.
- (s) : ;
¢ Suppose now p(M[an] < un(T)) converges for each o in (ae,au). Using
-, arguments similar to the ones in getting (4.4) and (4.5)., it can be seen that
- for 0.0, and I, with 9, < o <oX( oy < o,
y Lim P88 u (7)) < timinf PMES) ¢ (om)} < limsup P(MES) <u (om))
_ n— [o2n] n n— n n n—° n n
\ (s)
v ¢ lim P{M <u (7)}.
> o [oln] n
Cd
e As before, the difference between lim P(MES) ] {u (r)} and lim P(Més)n]
o n—x n—<°
s un(r)} tends to zero as o and 9, tend to o. This concludes the proof. a
”
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Lemma 4.3 Suppose the condition 4 holds for (Ej) and {un}. and that Nn
converges in distribution to some N. Then N satisfies (Al) and (A2). and

P{N([0.1)x(0.€)) > O} = 1-e €, €>0. which implies that N satisfies (A4).

Proof. That N satisfies (Al) follows readily from the stationarity of {Ej}‘
By Lemma 3.1, N({x)xm;) = 0 a.s. for each xeR. Similarly., by Theorem 1.1.5 of
(13]. there exists a countable set C such tht N{([0,1)x{7}) = O a.s. for each 7
e D:=R.\C. Thus N(Rx{t}) =0 a.s., T ¢ D, by (Al). For 7t < e in D,
[0.1)x[T,e) is bounded and has N-a.s. zero boundary. Thus Theorem 2.3 implies

that N ([0.1)x[7.€)) S N([0.1)x[7.€)). Since lim lim P{N_([0.1)x(0.e})) > O} =
n e=0 n-wo n

O.it follows from an application of [2]., theroem 4.2 that

P{N([0.1)x(0.€)) > O} = Llim P{N_([0.1)x(0.e)) > 0}
n—xe

. -€
= lim P(Mn > un(e)) = l-e

n—-.<x

for each ¢ in D, and hence, by continuity, for each e > 0. This shows (A3).
[t is clear from (Al) and (A3) that N([O,x)x(0.7)) < ®» a.s. for all x,750.
Thus by (Al), Lemma 4.2, and [8]. Theorem 3.1, that (A2) holds for N follows
from the convergence in distribution of the random vector (Nn([O.xi)X(O,TJ)).
1<i<k, 14j¢m) to (N([O.xi)x(O,Tj)). 1<i<k, 1<{j¢m) for each choice of Xi>0'
TJED. and positive integers k and m. The convergence is easily shown using

arguments similar to the ones above and is left for the reader. o

Lemma 4.4 Suppose the condition A holds for {fj) and (un}. and that Nn

converges in distribution to some N. Then N satisfies (A4).

Proof. We shall prove the claim for k = 2. The proof for unrestricted k is
similar, but more complicated notationally. Let Ii = [ai'bi)' i=z1.2. be

disjoint intervals in R, and J, = [Cj'dj)' j=1.2..... m. be intervals in P;. It

J

suffices to show that
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i=1,2, j=1,..., m} =11 P(N(IXXJJ) = Si_. j=1..... m}

A p(N(Iiij) = Sij' ;

. i=1

for each choice of non-negative integers sij' i=1.2, j=1,.... m. For this

purpose, it is important to note that, by Lemm: 4.4, both 11 and 12 can be

assumed to be in (0,1] without any loss of generality. Denote by Ié the

y interval [32+e. b2) where € is any non-negative number less than (b2—a2). It
\

e follcws from the triangle inequality that for each n,

e 2

Ei IP(N(Iiij) = sy i=1.2.j=1...., m} - iI:lP(N(Iiij) = ij'le ,,,,, m} |

' 5

¢ Zg.(n)
. i
i=1

o where

...\ = N = i= j= . - = i= = |
3 gl(n) [P{ (Iiij) Sij,l 1.2, j=1.....m} P(Nn(Iijj) Sij'l 1.2.j=1,..., m}
3 %,(n) = IP(Nn(IixJJ) = s i=l.2.=1 m}

L - P(Nn(llij) SIJ'Nn(I2xJJ) = s2j,j =1...., m) .
c gy(n) = [PIN (1] ) = ) 0N (T5xJ () = sgp0 g=lo. .. m}

5:: - P(Nn(IIXJj) = Sij'J =1..... m)P{Nn(IéxJJ) = 52j'j =1...., m} |,
= N = i = . ! = i = .

= g (n) = P n(leJJ) Sy ) m}) ]P(Nn(lzxjj) S 1,... .m)

. - P(Nn(I2xJJ) = S2J,J = 1...., m)l

, zﬂ(n) = IP(Nn(IIXJJ) = Slj'j =1,..., m}P{Nn(I2ij) = 52j.j=l ..... m}

. - P(N(leJj) = Slj'j =1,..., m}P{Nn(I2ij) = S2J'j = 1,..., m} |

ad
Since N“ -+ N, and using the fact by Lemma 4.3 that N satisfies (Al) and (A2).

Theorem 2.3 and Lemma 3.1 imply that g (n) and g2(n) both tend to zero as n

1

tends to ® Write d = max (d.). and note, by Boole's inequality. that both
1<j<m

3 an H ! h : D, > 0},
gz(n) nd gi(n) ire bounded by P(Nn([qz. 32*() x (0.d)) 0}, or by P(M[n(]
u“(d)). which tends to l-e’(d by lemma 4.1 Finally since the condition A hold

c, .d oo.d

T" for (fj) and {u“}. g}(n) is bounded by a(n.[ne]+l: ¢ LR . k)'

showing that gz(n) tends to zero as n tends to infinity. Summarizing the

above . we get
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S - s i _ - s

= lP(N(Iiij) = SiJ.1_1.2,J-l.....m} ir_rlp(N(Iiij) = siJ,J_l.....m)l
e 5 ced
< < limsup 2 gi(n) < 2(1-e ).

. n— i=1

o

ﬁ' Letting € tend to zero, the result follows. D

The main result of this paper now follows from Corollary 3.7, Lemma 4.3,

:*i and Lemma 4.4.

s

;'; Theorem 4.5 Let (Ej) be a strictly stationary sequence of random variables,

and (un} a sequence of functions on R  for which (Bl) and (B2) hold. Suppose

1ii§ the condition A holds for {Ej) and (un}. and that the point process Nn

lff = 26 converges in distribution to some point process N, where N

el (3/n.u (€ )) "
e, J (&
.E{f and N are point processes on R x R;. Then N has the representation

o ® K,

RN i

R < .

e 2 'E 6(S_,T.Y.,)' where (Si'Ti)' i21, are the points of a mean one

LN i=l j=1 i1
‘ homogenecous Poisson process on R x R;. Yij' lgngi. are the points of a point
%f: process v, on [1.») with 1 as an atom, Y| Tge- .. are identically distributed,
R and n.v.v,,... are mutually independent.

2

It is plausible to view the points Yij' 1gngi. of v in the
representation of N as describing the magnitudes (normalized by u;l) of the
,i{: members in a cluster of extreme observations of (fj). relative to the largest
observation in the cluster. For the important special case where (§j) is

i i d . extreme observations do not cluster, and thus each T has only a point

.
s

[ AN .l'.. ' .A.':'. B

4 which is 1 (cf. [12]. Theorem 5.7.2). leaving the Poisson process the only
:-':"’ possible limit for Nn‘ See also Davis and Resnick [3]., and Rootzén [19,20] for
Jl
,f."-

R further justifications of this viewpoint.

(4

A

4
Y The following corollary shows how Theorem 1 of [14] can be derived from
e
25 Theorem 4.5.

72

.'\ '\'.\ ) o <
° n,' < l.'. .(l
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Corollary 4.6 Suppose (fj} is a-mixing and there are constants an>O and bn

such that P{Mn < ax + bn} 5 exp(—e§x), xeR. Define Nn to be the point process
on R x R with points (j/n, (fj—bn)/an). jel. If Nn converges in distribution

~

to some N, where the weak convergence takes place in M{(R x R} (cf. Section 2).
N has points (Si‘ —log(TiYij)). i21, nggKi. where the (Si'Ti) and Yij are as

described in Theorem 4.5

Proof. Let un(T) = —anlogT + bn' 750, m2l. (un) obviously satisfies (Bl1) and

(B2) for (fj}. If Nn converges in distribution, in the space M{(R x R), to some

N, then by the continuous mapping theorem N := 3 6 =
. . -1
3 (3/n.u (E))

&, . converges in distribution to some N, as random
(3/n.exp(-(€ b )/a ) &

® o t4a

lements in M(R x R;). Since a-mixing is stronger than the condition A4,

Theorem 4.5 implies that N has the representation Z X §
ij (Si'TiYij

by the cortinuous mapping theorem, concludes the corollary. D

)" which., again

To complete this characterization, Mori [14] showed that any point process
v on [1,») having atoms at 1 can be a "cluster process” in the representation
of & {(cf. [14]. Theorem 2). Thus, in view of the proof of Corollary 4.6, the
characterization of Nn in Theorem 4.5 is also complete.

Finally, it is interesting to interpret the above point process

convergence in terms of extreme order statistics.

Theorem 4.7 Assume that the condition A holds for {fj) and {un}. Nn converges

(k.)

in distribution if and only if P(Mn ! < Un(Ti). 1 < i < m} converges for each

choice of 7. > 0. k. > 1. 1<i<m m> 1. and lim 1im PMK) ¢ u (1)) = 1 for
1 1 k—‘” n—o n n

each v > 0. where Mgk) is the kth maximum of El""'fn'
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Proof. Suppose first Nn converges to N. By the definition of u and Theorem

2.3 (cf. Lemma 4.3),
(k,)
lim P{M
n
n—

Lim P(N_([0.1)x(0.7,))

n—xo

P(N([0.1)x(0.7,)) £ k-1,

Cu (). 1

I~

I

[FaN

Also it is clear that N({0,1)x(0,7)) { @ a.s. and thus the only if part

follows. Next suppose the converse is true. The assumption 1 = lim lim P(M(k)
k=0 n-o n
< un(T)} = lim lim P(Nn([O.l)x(O,T)) ¢ k}. 7 > 0O, implies that the family (Nni

k-x0 n—o

n 2 1} is tight (cf. [8]. Lemma 4.5), and hence for every infinite subsequence

I'" of the set of positive integers, there exists a further subsequence I'’

along which Nn converges in distribution to some N'. It suffices to show that

the distribution of N' is independent of the choice of I' and I''. N', as a

limit of Nn. has the representation obtained in Theorem 4.5, and therefore its
distribution is determined by the set of probabilities

PN'({0.1)x(0.7,)) < k-1, 1 <1 < m}

(ky)
lim P{M_
n~—xo

Cu (7.). I<idm}, 7,50, k.21, 1 < i <m, m],
n' i i i

which are clearly independent of I' and I''. This proves that Nn converges in

distribution. a
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